1. INTRODUCTION 1.1. Exceptional Locus. Let k be a field of characteristic p > 0, with algebraic closure k. Fix a scheme X, smooth, geometrically connected, separated, of finite type over k and denote with X k the base change of X to k. Let |X| be the set of closed points. For x ∈ |X|, write k(x) for its residue field. For any integer d ≥ 1, let X(≤ d) be set of all x ∈ |X| such that [k(x) : k] ≤ d. Fix a representation ρ : π 1 (X) → GL r (Z ). For every x ∈ |X|, by the functoriality of theétale fundamental group, we have a map π 1 (x) := π 1 (Spec(k(x))) → π 1 (X) and hence a representation ρ x : π 1 (x) → π 1 (X) → GL r (Z ) 1 . We recall that π 1 (x) identifies with the absolute Galois group Gal(k(x) sep |k(x)) of k(x). Define the following groups:
Let X ≥j ρ (≤ d) be the subset of x ∈ X(≤ d) such that G x is of codimension ≥ j in G. Define the following set:
We call X So, if k is infinite finitely generated, not only X gen ρ is not empty, but it contains infinitely many points.
1.2.
Uniform open image theorem. When X is a curve and k is finitely generated we can go further, at the expense of more involved arguments. Our main result is an extension of the main theorem of [CT12b] in positive characteristic. Before stating it we recall the following definition. Definition 1.2.1. We say that a topological group G is Lie perfect (or LP for short) if every open subgroup of G has finite abelianization. 2 We say that ρ is Lie perfect (or LP for short) if G is LP and that ρ is geometrically Lie perfect (or GLP for short) if G geo is LP .
Then we prove:
Theorem 1.2.2. Assume that X is a curve and k is finitely generated. The following hold:
(1) If = p and j ≥ 2, then X When X(k) is infinite, theorem 1.2.2(3) gives us uniform boundedness results that are impossible to achieve using fact 1.1.1, see for example corollaries 1.4.1 and 1.4.2.
1 Actually all of these representations are defined only up to conjugation, since theétale fundamental group depends on the choice of a base point up to an isomorphism unique up to conjugation. This has no role in the sequel and to simplify the notation we will implicitly assume that a compatible choice of isomorphisms is done 2 The terminology comes from the fact that if G is an adic Lie group this condition is equivalent to (Lie(G)) ab = 0.
1.3. Genus and gonality. To explain how to get theorem 1.2.2, let us introduce some more notation. For every open subgroup U of G write f U : X U → X for the connectedétale cover corresponding to the open subgroup ρ −1 (U ) ⊆ π 1 (X). It is geometrically connected over the finite separable extension k U of k, defined by the open subgroup p(ρ −1 (U )) of π 1 (Spec(k)) := π 1 (k), where p is the map induced by the functoriality of theétale fundamental group by the structural morphism X → Spec(k). Write U geo = U ∩ G geo and recall the following formal properties of theétale fundamental group: Remark 1.3.1.
(1) for every open subgroup U ⊆ G and every x ∈ |X|, we have that ρ(π 1 (x)) ⊆ U if and only if x lifts to a k(x)-rational point of X U .
(2) for every open subgroup U ⊆ G the cover corresponding to
In view of this remark, we call X U the abstract modular scheme associated to U . Assume from now on that X is a curve, denote with g U and γ U the genus and the gonality of the smooth compactification of X U,k := X U × k U k and write G geo (n) = Ker(G geo → GL r (Z / n ))
A first step in the proof is the extension of [CT12b, Assume that k is finitely generated of positive characteristic. There exists a constant g = g(k) that depends only on k, such that for every smooth proper k-curve C with genus ≥ g, the set C(k) is finite.
A natural question is whether it is possible to show that not only the genus but also the gonality 3 of X HG geo (n) tends to infinity. The answer not only is yes, but we can use gonality to obtain finer results on the image of non necessarily GLP representations. We get the following extension of [CT13, Theorem 3 .3] to positive characteristic: Theorem 1.3.4. Assume that H is a closed subgroup of G geo of codimension j. The following hold:
(1) If = p and j ≥ 2, then lim (1)-(2) implies that g HG geo (n) tends to infinity, see footnote 3. It is not clear to us if it is possible to prove this directly. Note that, a posteriori, Theorem 1.3.4 (3) implies theorem 1.3.2, but, actually, theorem 1.3.2 is used in the proof of theorem 1.3.4(3) (see right after fact 4.1.2). Finally we observe that theorem 1.3.4(3) is not necessary to prove theorem 1.2.2(3) (since theorem 1.3.2 is enough), but we think is interesting in itself and could be useful for further developments.
Via the Mordell-Lang conjecture, [CT13, Theorem 3.3] is enough to show the following conjecture in characteristic zero: Conjecture 1.3.5. Assume that X is a curve, k is finitely generated, ρ is GLP and = p. Then for every d ≥ 1, X ex ρ (≤ d) is finite and there exists a constant C(ρ, d) := C, depending only on ρ and d, such that [G :
3 Observe that the growth of the gonality implies the growth of genus by the Riemann Huruwitz Formula, see 2.2.1.
Due to isotriviality issues in the positive characteristic variant of the Mordell-Lang conjecture (see [CT15b, Appendix] and section 7.1), this is not longer true in positive characteristic. See section 7.1 for a digression about it.
1.4. Applications. We develop some applications to representations arising from geometry. Denote with η the generic point of X. Fix a smooth proper morphism f : Y → X and for every x ∈ X write for Y x the fibre of f at x and Y x for the base change of Y x to the algebraic closure of k(x). For every pair of integers i, j and every prime = p, by smooth proper base change we have a representation
obtained by the natural representation
that factors trough the surjection π 1 (η) → π 1 (X) For every x ∈ X(≤ d), the representation ρ ,x identifies with the natural representation
Assume now that k is finitely generated and X is a curve. Since ρ is GLP (see 
As examples of the applications we have:
Corollary 1.4.1. Let Y → X be an abelian scheme and a prime = p. Then there exists a constant C (depending only on Y → X and ) such that
Corollary 1.4.2. Let Y → X be a family of K3 surfaces or of abelian varieties and a prime = p. Then there exists a constant C (depending only on Y → X and ) such that
The same conclusion of corollary 1.4.2 holds for any family that satifies the Tate conjecture for divisors (see corollary 6.2.3). Corollaries 1.4.1 and 1.4.2 are extensions to positive characteristic of previous results obtained in [CT12b] , [VAV16, Thm. 1.6, Cor. 1.7] and [CC17] .
1.5. Strategy. Let us explain the strategy of the proof of the various theorems and how they are related to each other. The main idea is the construction made by Anna Cadoret and Akio Tamagawa in [CT12b] of the projective system of abstract modular schemes defined in 5.1.2:
This system has the property that if x ∈ X(≤ d) does not lift to a k(x)-rational point of X j,n for some n, then G x is of codimension ≤ j in G (see Lemma 5.1.3). This allows us to translate the representation theoretic problem in the following diophantine question:
Is it true that for n 0 the set X j,n (≤ d) is finite? Assume now that X is a curve and k is finitely generated. Then when d = 1, by fact 1.3.3 this question for the codimension 1 case and = p has a positive answer thanks to theorem 1.3.2. To prove theorem 1.3.2, we first replace X HG(n) with a Galois cover X G(n) , closely related to the Galois closure of X HG(n) → X, and we use the GLP hypothesis to show that its genus goes to infinity. Then we translate in group theoretical terms the Riemann-Huruwitz formula for the cover X G(n) → X HG(n) to deduce the same for X HG(n) . The proof is similar to [CT12b, Section 3], with some complications arising from the wild inertia. To deal with this we follow [CT12a] closely.
After this we deal with the gonality. When j ≥ 3 (or j ≥ 2 and = p) the situation is independent from the genus. First we show that if in a projective system the gonality is bounded then almost all the covers have Galois groups arising as groups of automorphisms of curves of genus ≤ 1. Then, up to replacing X with a finite etale cover 4 , there exists an n 0 such that the group HG(n + n 0 ) is normal in HG(n) and HG(n + n 0 )/HG(n) (Z/ n0 ) j , where j is the codimension of H in G. Using this and the classification of the groups of automorphisms of curves of genus ≤ 1, we get a contradiction. When j = 1, the representation ρ is GLP and = p, we construct an auxiliary projective system of curves B n of genus ≤ 1 equipped with maps X HG(n) → B n . Then the idea is to consider the induced representation via the map π 1 (X) → π 1 (B 0 ) and to use theorem 1.3.2 to conclude. A complication is given by the fact that it is not true in general that the induced representation is still GLP . But we can reduce to a situation where this is true (see lemma 4.1.2). This is similar to [CT13] , with some complications arising from the existence in positive characteristic of non separable morphisms of curves.
1.6. An effective result. In the appendix we discuss an effective result for the arithmetic gonality of modular curves arising as stabilizer of elements in the reduction mod n of the representation. The key example is given by the classical modular curve Y 1 ( n ) parametrizing elliptic curve with a point of exact order n . We prove an effective version of corollary 1.4.1 that seems impossible to achieve with the method of the proof of 1.2.2, but the method of the proof does not allow us to recover the full generality of theorem 1.2.2. By a specialisation argument (and the fact that the gonality cannot growth under specialisation) we reduce to case where k is finite. An idea of Cadoret and Tamagawa reduces the problem to compute [k(x n ) : k], where x n is a closed point of the abstract modular curve. This can be done using some weak form of the purity part of the Weil conjectures.
1.7. Organization of the paper. The paper is organized as follows. First, in section 2 we collect the notation that we use in the paper. In section 3 we prove theorem 1.3.2. This result is used in section 4 to prove theorem 1.3.4. In section 4 it is also explained the construction of an auxiliary system of curves of genus ≤ 1. In section 5 we recall the construction of some projective systems of covers that parametrize points with small image and some facts about them. After this, we collect the fruit of the previous work proving the main theorem 1.2.2. In section 6, we give applications to representations arising from geometry. In section 7, we spend some time posing some questions, adressing future works and explaining some future applications of the theorems of this paper. In the appendix A, we obtain an effective result on the gonality under a weak purity assumption. All the results and the proofs in this paper extend to the characteristic zero setting. Since this situation is already done in [CT12b] and [CT13] we will assume that p > 0 to make the exposition simpler.
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NOTATION AND PRELIMINARIES
2.1. Schemes. In this paper k is a field of characteristic p > 0, with algebraic closure k. Any k-scheme will be separated and of finite type. We fix once for all a smooth, geometrically connected k-scheme X with generic point η. For any k-scheme Y denote with Y k the base change of Y to k. If Y is connected we denote with k Y the smallest separable extension of k over which Y is geometrically connected. Write |Y | for the set of closed points and for y ∈ |Y | denote with k(y) its residue field. For any integer • If X → Y is a non constant morphism of degree d between smooth proper curves, then
We denote with γ Y the k-gonality of Y cpt k . We will need to work also with non-geometrically connected curve. For this we define the arithmetic gonality as
2.3. Groups. For a group G and subgroups I, H ⊆ G write
for the largest normal subgroup of G contained in H and the largest quotient of I that acts faithfully on G/H. Recall that if G ⊆ GL r (Z ) is a closed subgroup then G is an adic Lie group [S65, Lie Groups, Chapter V,
The collection {G(n)} n∈N is a fundamental system of neighbourhoods of 1 in G. 
If Y is an abelian variety over a field k, for every extension k ⊆ k we write
2.5. Representations and abstract modular schemes. We fix a representation
For x ∈ |X| we have a morphism Spec(k(x)) → X and so, by the functoriality of theétale fundamental group, we get a morphism
and hence a representation
Recall that π 1 (x) is the absolute Galois group of k(x). Define the following groups:
Recall that k U is the separable extension defined by the open subgroup p(ρ −1 (U )) of π 1 (Spec(k)) := π 1 (k), where p is the map induced by the functoriality of theétale fundamental group by the structural morphism X → Spec(k). Finally, if X is a curve write:
We use the capital letters K, K , L to denote local fields with algebraically closed residue fields. For a Galois extension L/K with group H and −1 ≤ u ∈ R, write H u for the u th ramification group in lower indexing (see [S68, Section 1, IV] for the definition). Define the following function:
Fix a Galois extension L/K with group H and a normal subgroup N ⊆ H that corresponds to a Galois extension K /K. Then we have:
If f : Z → Y and z ∈ |Z| is a (possibly ramified) Galois cover of smooth proper curves over an algebraically closed field k, define the ramification group at z as the ramification group of the Galois extension of local fields k((f (z))) → k((z)). If y ∈ |Y | we call the ramification group G y of f over y any of the ramification group at z, for any z with f (z) = y. Since the cover is Galois the conjugacy class of the ramification group does not depend on the choice of z.
GROWTH OF GENUS
This whole section is devote to the proof of theorem 1.3.2.
3.1. Notation and strategy. We can assume k = k and hence that G = G geo is Lie perfect. Define G(n) ⊆ G and G H (n) ⊆ G H by the following commutative exact diagram:
We remark that G H (n) is a fundamental system of neighbourhood of the identity in G H , since if g ∈ G acts trivially on G n /H n for every n, then it acts trivially on G/H. There is also the following commutative exact diagram:
Observe that we have inclusions G(n) ⊆ G(n) ⊆ HG(n) and surjections G(n) → G H (n). We first prove that g G(n) tends to infinity and then deduce from this that g HG(n) tends to infinity.
3.2. Preliminary reduction. We claim that G(n 0 )/ G(n) is an -group for some n 0 and any n > n 0 . Write
we find an exact sequence
where C ,n is a quotient of G(1)/G(n) and hence an -group. Since A 1 is finite, for some n 0 0 and any n ≥ n 0 the map A 1 /A n → A 1 /A n−1 is an isomorphism. The snake lemma applied to the commutative diagram
shows that the kernel of the map
is a subgroup of C ,n and hence an -group. But this kernel is G(n − 1)/ G(n) so we conclude by induction on n ≥ n 0 using the exact sequence
Since we are interested in the asymptotic behaviour of g HG(n) we can freely replace HG(1) with HG(n 0 ) and assume that G(1)/ G(n) is an -group for every n.
Hn | tends to infinity and so the Riemann Hurwitz formula tells us that g G(n) → ∞ as soon as sup g G(n) > 1. Indeed, assume g G(n0) > 1. Then we can apply the Riemann Hurwitz formula to the cover X G(n) → X G(n0) for n > n 0 to deduce that
So we have only to show that sup g G(n) = 1 and sup g G(n) = 0 are not possible.
• Assume sup g G(n) = 1. Then there exists n 0 such that for all n ≥ n 0 the smooth compactification of X G(n) is an elliptic curve. Since all finite morphisms between elliptic curves are unramified, the Galois group
). In particular it would be abelian and hence
would be abelian and infinite. But this contradicts the fact that G is Lie perfect, since G H (n 0 ) would be an infinite abelian quotient of the open subgroup G(n 0 ) of G.
• Assume sup g G(n) = 0. This means that for all n ≥ 0, the smooth compactification of X G(n) is isomorphic to P 1 . So the Galois group
Recall the following:
Fact 3.3.1. [C12a, Corollary 10] Suppose that k is an algebraically closed field of characteristic p > 0. A finite subgroup of P GL 2 (k) is isomorphic to one of the following groups:
with A an elementary abelian p-group and Q a cyclic group of prime-to-p order; -P SL 2 (F p r ), for some r > 0; -P GL 2 (F p r ), for some r > 0; where F p r denotes the finite field with p r elements.
Using fact 3.3.1 and that the Galois groups of X G(n) → X G(1) are -groups by the preliminary reduction, we get that the only possibility is that G H (1)/G H (n) is a cyclic group or = 2 and G H (1)/G H (n) is the dihedral group with 2 m elements 5 . Observe that if, for n 0, the groups G H (1)/G H (n) are abelian we can conclude as in the previous situation. So we have only to exclude the situation of the dihedral groups when = 2. Recall that the derived subgroup of D 2 m is Z/2 m−1 and that
By the exactness of lim ← − on finite groups we get
and hence an infinite abelian open subgroup of
and so we can conclude as before.
3.4. Definition of λ. If f : Y → X is a cover we define
Using the Riemann-Hurwitz formula for Z → Y , we get that if Z → Y is a morphism of covers then
exist and λ G ≥ λ H . Observe that, by the Riemann-Hurwitz formula and the fact that |G n /H n | and |(G n ) Hn | tend to infinity, g G(n) tends to infinity if and only if λ G > 0 and g HG(n) tends to infinity if and only if λ H > 0. By the previous step it is enough to show that λ H = λ G .
3.5. Comparison. We are now in the following situation:
Gn/Hn 5 Indeed A 4 , S 4 , A 5 , P GL 2 (F p r ), P SL 2 (F p r ) are not -groups, as well as the remaining extension or the dihedral group for = 2.
where the notation is the following. Suppose that X cpt − X = {P 1 , ..., P r }. Then we denote with I i the inertia group inside π 1 (X) of the point P i . If Q ∈ X HG(n) is over P i we denote with e Q,n , d Q,n the ramification index and the exponent of the different of Q over P i . Using that X G(n) → X and X G(n) → X HG(n) are Galois, we can denote with e n Q , d n Q the ramification index and the exponent of the different of any point of X G(n) over Q and with e i,n , d i,n the ramification index and the exponent of the different of any point of X G(n) over P i . Fix a positive integer j. Write ((I i,n ) Hn ) j for the j th -ramification group of the cover X G(n) → X over the point P i (see 2.6 for the notation) and (e i,n ) j for its cardinality. Finally denote with (e n Q ) j the cardinality of the j th -ramification group of the cover X G(n) → X HG(n) of any point of X G(n) over Q.
By [S68, Section 4, III] we have the following relations:
Using again the Riemann-Hurwitz formula we get
and so
Hence it is enough to show
3.6. Galois formalism. Recall that there is a canonical bijection of sets
The cardinality of the fibre of this map over an element x(I i,n ) Hn corresponding to a point Q under the previous bijection is ([CT12a, Lemma 4.3]):
So we get, summing over all the fibres,
With a similar reasoning we get
The first term is 1
Recall the following:
Hn | tends to zero thanks to facts 3.6.1 and 2.3.2.
The second term is 1
Stabilization of wild inertia. Now define ((I i,n ) Hn ) + as the wild inertia subgroup of (I i,n ) Hn . Write
Recall that, by the preliminary reduction, G(1)/ G(n) is an -group. Since there is an injection
the same is true for (I i,n ) Hn (1). So the map
and that there exists a j 0 such that (( I i,n ) Hn ) j = 1 for every j > j 0 . Consider the following commutative diagram:
and x 0 ∈ X cpt . Denote with k((x)), k((x 1 )) and k((x 0 )) the fraction field of the completed local ring of x, x 1 and x 0 . We have a commutative diagram of finite extensions
Applying to this diagram fact 2.6.1 and noticing that ((I i,n ) Hn ) j ∩ G(1)/ G(n) = 1 6 , we get that ((I i,n ) Hn ) j maps isomorphically onto ((I i,1 ) H1 ) j/ei,n(1) . In particular we have
3.8. End of proof. We can continue the computation:
To conclude the proof just observe that each summand tends to zero thanks to facts 3.6.1 and 2.3.2.
GROWTH OF GONALITY
This section is devoted to the proof of theorem 1.3.4. The proof is very similar to [CT13] and the idea is the following. Assume k algebraically closed. We start with a projective system of smooth proper curves:
such that Y n → Y n−1 is a (possibly ramified) Galois cover with group G n cyclic of prime-to-p order (to simplify). We want to show that the gonality of these curves tends to infinity. Assume by contradiction that the gonality of these curves is bounded when n goes to infinity. Then we construct a commutative and cartesian diagram of smooth proper curves
6 Since j > 0, ((I i,n ) Hn ) j is a p-group while G(1)/ G(n) is an -group by the preliminary reduction.
where 
with the desired properties for some N 0 , N 1 ≥ 0. So for each n 0 the set F n of these diagrams is not empty. Furthermore, deleting the last arrow we get maps F n → F n−1 , so we can give to the collection {F n } n∈N the structure of a projective system. To obtain the result about the existence of a "limit" diagram we have to show that, for each n, F n is finite. This requires some extra technical conditions and that G n is cyclic of prime-to-p order.
More precisely, in section 4.2 we show the following results, where we say that a group is k-exceptional if it appears as Galois group of a Galois cover of smooth proper k-curves X → Y with g X = g Y ≤ 1.
is a projective system of non constant morphism between smooth proper k-curves such that Y n → Y n−1 is a (possibly ramified) Galois cover with group G n . Assume that
is finite. Then all but finitely many G n are k-exceptional.
Proposition 4.0.2. Assume furthermore that G n is cyclic of a fixed prime-to-p order ≥ 3, for all but finitely many n. Then there exists an N ≥ 0 such that we can construct a diagram
with the following properties:
• π n : B n → B n−1 is a (possibly ramified) Galois cover of smooth proper curves with group G n • One of the following holds:
• the square
is cartesian up to normalization. 
4.1.
is a cartesian diagram of smooth proper curves, then γ Xn tends to infinity if and only if γ X n tends to infinity. So to prove theorem 1.3.4 we may replace X with a finiteétale cover.
Proof of Theorem 1.3.4. a
• Preliminary reduction. We can assume k algebraically closed. Moreover, fix an n 0 ≥ 2. Using 4.1.1 we can assume that G = G(n 0 ). Using [CT13, Lemma 3.5] and replacing X by X G(n) for some n 0 we can assume that HG(n + n 0 ) is normal in HG(n) and that HG(n + n 0 )/HG(n) (Z/ n0 ) j , where j is the codimension of H in G. By lemma 2.2.1 it is enough to prove that
• Proof of Theorem 1.3.4 (1), (2). Assume by contradiction that, after replacing X with X HG(n) , the gonality γ HG(in0) is constant. By proposition 4.0.1 almost all the Galois groups X HG(n0+n) → X HG(n) are k-exceptional. But this is not possible. Indeed, by fact 3.3.1, (Z/ n0 ) j does not appear as a Galois group of a cover of genus zero curves as soon as j > 1. So all the curves must have genus 1. But then (Z/ n0 ) j must be a quotient of the fundamental group of an elliptic curve =p Z 2 × Z p and this is not possible by the choice of j.
• Proof of Theorem 1.3.4 (3). The proof is similar to the proof contained in [CT13, Subsection 3.2.2]. The only difficulties come from inseparability phenomena. So we just give a sketch to show how it uses the previous results and how to overcome these new problems.
(1) Use of proposition 4.0.2. Since k is algebraically closed, G = G geo is Lie perfect. Reasoning as in [CT13, Page 15] we can reduce to a situation in which Lie(G) has abelian solvable radical (this will be used in the last step to apply fact 4.1.2). Reasoning as in the preliminary reduction step, we can reduce to show that the gonality is not bounded inside a family ... → X n → X n−1 → ... → X 1 → X 0 := X with X n → X n−1 a Galois cover with group G n := Z/ n0 . By proposition 4.0.2 we can construct a cartesian diagram:
...
as in the statement of 4.0.2. To obtain a contradiction we will show that the genus of B n tends to infinity when n tends to infinity. (2) Reduction to the separable situation.
Observe that we can assume that the maps f i are separable. Indeed we have a factorization X cpt → (X cpt ) → B with the first morphism purely inseparable and the second separable of degree d ≤ γ. Write X for the scheme theoretic image of X in (X cpt ) and denote with X n the base change of X along B n → B. Then we get another system:
such that the maps (X n ) cpt → B n are all separable and of degree d. Since the map X → X is a universal homeomorphism it induces an isomorphism π 1 (X) → π 1 (X ) and so a Lie perfect representation ρ of π 1 (X ). So, to prove that g Bn is not bounded, we can assume that the maps (X n ) cpt → B n are separable after replacing γ with some integer d ≤ γ (3) Reduction to theétale Galois situation.
Since the maps are separable, the ramification locus S of X cpt → B is finite, so we can define a curve C := B − (S ∪ f (X cpt − X)). Writing C n for the base change of C along the map B n → B we getétale maps X n → C n and C n → C n−1 . Then we reduce to the situation in which the morphisms X n → C n are finiteétale Galois after replacing d with some γ 0 ≤ d! (4) Use of theorem 1.3.2 and end of proof.
We use the following:
Fact 4.1.2. [CT13, Proof of Lemma 3.6] Let X → Y a finiteétale Galois cover of degree m between smooth curves over an algebraically closed field and ρ : π 1 (X) → GL r (Z ) a LP representation such that Lie(G) has abelian solvable radical. Then the induced representation Ind
By fact 4.1.2 the representation ρ 0 := Ind π1(X) π1(C) (ρ) is still LP. Defining U i := ρ 0 (π 1 (C i )) we can consider the system of covers C Ui → C. We prove, as in [CT13, Lemma 3.7], that ∩ i U i is closed but not open. So by theorem 1.3.2 we get that the genus of g Ui tends to infinity. But we have inclusions π 1 (C i ) → π 1 (C Ui ) → π 1 (C) and hence non constant morphisms C i → C Ui → C. By assumption g Ci ≤ 1 and this is a contradiction. 
with π n : Y n → Y n−1 a (possibly ramified) Galois cover with group G n , we can apply the previous construction several times to obtain the following diagram :
where
is an E-P decomposition of f k .
Construction.
We start with a projective system of smooth proper curves of fixed gonality γ = γ Yn as the following:
with Y n → Y n−1 a (possibly ramified) Galois cover with group G n . We want to construct a related system of smooth proper curves with bounded genus. The construction is similar to the one of [CT13, Section 2], with some complications arising from the existence in positive characteristic of non separable morphisms of curves. Write
and for every n > v(γ) define F n as the set of (isomorphism classes of) diagrams of smooth proper curves
that satisfy the following properties:
is cartesian up to normalization and
We can endow the family of F n with the structure of a projective system F n → F n−1 forgetting the last arrow on the left. We collect a lemma that will be used several times: Proof of proposition 4.0.1. For n ≥ v(γ) the group G n is the Galois group of a Galois cover of curves of genus ≤ 1 by Proposition 4.2.2.
To get proposition 4.0.2 we need the following two finiteness lemmas:
Lemma 4.2.4. Let c be a prime-to-p integer ≥ 3. Given a (possibly ramified) Galois cover Y → Z of smooth proper k-curves with Galois group G Z/c and such that γ Y = γ Z = γ, there are only finitely many isomorphism classes of G-equivariant cartesian diagrams:
Proof. See (the proof of) [CT13, Lemma 2.6]. 
To conclude we construct a map:
with finite fibres. For any f ∈ E 0 J Y /k ,d consider the following commutative exact diagram, where for every scheme K we denote with K red the associated reduced subscheme:
We have a factorization Y → E → E, so that the degrees of Y → E and of E → E are bounded by d. So we can define
We conclude observing that there are a finite number of possibilities for E → E since it is an isogeny of elliptic curves of bounded degree.
Proof of proposition 4.0.2. We show that lim ← −n F n = ∅. Since a projective system of non empty finite set has not empty projective limit, it is enough to prove that, for each n 0, the set F n is finite. Fix such n, write
and consider the obvious surjective map ψ n : F n → E n From lemma 4.2.4 if N 0 = n and from lemma 4.2.5 if N 0 = n, it follows that E n is finite. So it is enough to show that ψ n has finite fibres. We have to prove that for any arrow Y n → B n there are finitely many diagrams in F n that contain that arrow. We first remark that a diagram of smooth proper k-curves 
MAIN RESULT
5.1. Some projective systems. In this section we finally prove the main theorem 1.2.2. The idea is to consider a family of (possibly disconnected)étale covers
that parametrize closed points with small image and to use the previous results to show that they have only few k-points.
5.1.1. Group theory. Fix a closed subgroup G of GL r (Z ) and an integer j ≥ 1. We define the following sets H j,n (G):
They have a natural structure of projective system given by the maps ψ j,n : H j,n+1 (G) → H j,n (G):
Observe that ψ 0,n is well defined by [CT12b, Lemma 3.1]. The main motivation for the definition is lemma 5.1.3.
Proof.
(1) This follows from the fact that every U ∈ H j,n (G) contains G(n), if j > 0, or Φ(G(n + 1)), if k = 0, and hence H j,n (G) is a subset of the set of subgroups of
( 5.2. Main result and corollaries. In this section we use the results of the previous sections to deduce the main theorem and we discuss some corollaries.
5.2.1. Proof of the main result.
Proof of theorem 1.2.2. Consider the projective system of covers constructed in 5.1.2
By theorem 1.3.4, proposition 5.1.5 and lemma 2.2.1 we can choose an N such that all the connected component X j,N have genus bigger then the constant g(k) of fact 1.3.3 or they are defined over a non trivial extension of k. By the choice of N , the image X j,N of f j,n : X j,N (k) → X(k) has a finite number of points and by lemma 5.1.3 we have X ex j (k) ⊆ X j,N . This concludes the proof of (1),(2) and the first part of (3). For the last part of (3) observe that for all x ∈ X(k)−X 1,N we have G(N ) ⊆ G x by lemma 5.1.3 and so [G :
To conclude it is enough to take
Remark 5.2.1. The proof shows that
The result can be easily extended to more general coefficients:
Corollary 5.2.2. The result of theorem 1.2.2 extend to any representation with coefficients in O K where K is a finite extension of Q .
Proof. Indeed we have an isomorphism of topological group between O K and Z m for some m, and hence a continuous isomorphism between GL r (O K ) → GL rm (Z ).
Let S be a finite set of primes different from p. For each ∈ S choose a 0 ≤ n ∈ N and consider a continuous representation
Denote with ρ the composition of ρ S with the canonical projection π : ∈S GL n (Z ) → GL n (Z ). Corollary 5.2.3. With the previous notation we have:
In particular if k is finitely generated, X is a curve and all the representations ρ are GLP , then X Observe that there is an open subgroup U of G written as U := ∈S U with U a pro-subgroup of π (G). By Gursat lemma H ∩ U is equal to the product of its projection and hence, by hypothesis, is open in U . 5.2.2. Uniform boundedness of -primary torsion. We recall the notation and the terminology of [CT12b, Section 4]. Given a finitely generated free Z module M Z r with a GLP action of π 1 (X) write V := M ⊗ Q and
. For a character χ : π 1 (X) → Z * , a field L and any morphism ξ : Spec(L) → X denote with χ ξ (resp. ρ ξ ) the composition of χ (resp. ρ) with the morphism π 1 (L) → π 1 (X). Define the following π 1 (L) sets:
Recall that χ is said to be non-sub-ρ if χ ξ is not isomorphic to a sub representation of ρ x for any x ∈ X(k). Finally denote with M (0) the maximal isotrivial submodule of M , i.e. the maximal submodule of M on which π 1 (X k ) acts via a finite quotient.
Corollary 5.2.4. Assume that k is finitely generated, X is a curve, = p and that π 1 (X) → GL(M ) is GLP . Then
(1) For every non-sub-ρ character χ : π 1 (X) → Z * , there exists an integer N := N (ρ, χ), such that, for any
Proof. See (the proof of) [CT12b, Corollary 4.3].
APPLICATIONS TO MOTIVIC REPRESENTATIONS
In this section k is a finitely generated field of characteristic p > 0. We develop application of theorem 1.2.2 to representations arising from geometry to get uniform boundedness results on torsion of abelian varieties and on the Brauer group of K3 surfaces.
6.1. Motivic representations. Let f : Y → X be a smooth proper morphism. For every x ∈ X denote with Y x the fibre of f at x and with Y x the base change of Y x to the algebraic closure of k(x). Recall that η is the generic point of X. Fix i ∈ N and j ∈ Z. By the smooth-proper base change theorem we have, for every = p, a representation ρ :
of theétale fundamental group of X. This is obtained by the natural representation
that factors trough the canonical surjection
By the smooth-proper base change theorem, for x ∈ |X|, the representation ρ ,x is isomorphic to the natural Galois representation
given by the choice of anétale path from x to η. We call such representations, motivic representations of π 1 (X).
We start recalling the following: If Y → X in abelian scheme the representation
is GLP since it identifies with the representation
where d is the relative dimension of Y → X. Assume now that X is a curve. If A is an abelian variety over k we say that A is CM if the image of the representation
has an open abelian subgroup. As a first example of application we get the following:
Proposition 6.1.2. Let Y → X an abelian scheme such that Y η is not isogenous to an isotrivial abelian variety.
Then there exist only finitely many x ∈ X(k) such that Y x is CM.
Proof. Since Y η is not isogenous to an isotrivial abelian variety, G does not contain an open abelian subgroup. By theorem 1.2.2(3) for all but finitely many x ∈ |X|, the group G x does not contain an open abelian subgroup and hence Y x is not CM.
6.2. Uniform boundedness in motivic representation. In this subsection k is a finitely generated field of positive characteristic and X is a curve.
6.2.1. -primary torsion of abelian schemes. Assume that Y → X is an abelian scheme and consider the representation
From corollary 5.2.4 and [CT12a, Corollary 2.4] we get:
Corollary 6.2.1.
(1) For every non-sub-ρ character χ :
(2) Assume furthermore that Y η contains no non-trivial abelian subvariety isogenous to an isotrivial one. Then there exists an integer N := N (ρ ) such that for every
Specializing to situation in which χ is the trivial character we can prove corollary 1.4.1:
Proof of corollary 1.4.1. Denote with 1 the trivial character of π 1 (X). Using corollary 6.2.1 applied with ρ and χ = 1, it is enough to show that 1 is a not-sub-ρ character. So we have to prove that
We have an exact sequence:
Taking invariants we get
is finite by the Mordell-Weil theorem. This implies 
is finite and hence, as in the proof of corollary 1.4.1, that
Consider the representation ρ :
The key point is the following:
Observe that ρ :
is a GLP representation since it is a quotient of the GLP representation
In particular, if T (Y η , ) is true, we can apply corollary 5.2.4 to ρ to get that
is finite and uniformly bounded for x ∈ X gen ρ (≤ 1). So we get:
Corollary 6.2.3. Assume T (Y η , ). Then there exists a constant C depending only on Y → X and such that
Since the Tate conjecture is known for abelian varieties and K3 surfaces we get corollary 1.4.2.
Remark 6.2.4. In characteristic zero lemma 6.2.2 holds without assuming T (Y η , ). This yields an unconditional version of corollary 6.2.3. The point is that in characteristic zero Corollary 5.4] ), but the proof does not extend directly to positive characteristic, since it uses Hodge theory. We will prove that this is actually true also in positive characteristic in [A17] and this will allow us to extend completely in positive characteristic the results of [CC17] .
OPEN QUESTIONS AND FUTURE DEVELOPEMENTS
In this section we collect some open questions and some applications that we hope to investigate in future works. 7.1. Isogonality. We begin recalling conjecture 1.3.5:
Conjecture 7.1.1. Assume that X is a curve, k is finitely generated, the representation ρ is GLP and = p. Then for every d ≥ 1, the set X ex ρ (≤ d) is finite and there exists a constant C(ρ, d) := C, depending only on ρ and d, such that [G :
In characteristic zero this is known [CT13] and it is proved as a consequence of the analogue of theorem 1.3.4 using the following:
If k is a finitely generated field of characteristic 0 then, for every d, there exists a constant γ = γ(k, d) such that for every smooth proper curve C of gonality ≥ γ, the set C(≤ d) is finite.
Due to isotriviality phenomena, this is not true in positive characteristic (see [CT15b, Appendix] for a discussion about this). In [CT15b, Appendix] Cadoret and Tamagawa have introduced a new invariant, the isogonality, that can be used to prove the conjecture.
Definition 7.1.3. Let k a field of characteristic p > 0. A scheme S over k is isotrivial over k if there exists a finite field F q ⊆ k and a F q scheme S 0 such that S 0 × Fq k S k .
Definition 7.1.4. Let k a field of characteristic p > 0 and C a smooth proper geometrically connected curve over k. The k-isogonality of C, γ iso C , is defined as d + 1, where d is the smallest integer which satisfies the following condition:
• There is no diagram C k ← C → B of non constant morphisms of smooth proper curves over k, with B an isotrivial curve and
Their result is the following: 7.2.1. p-adic representations. A natural question is if theorem 1.2.2(3) is true for some kind of p-adic representations of theétale fundamental group, where p is the characteristic of k. The major difficulties to extend the proof of 1.3.2 to p-adic representations is inside subsection 3.7, where we used the hypothesis = p to control the wild inertia term appearing in the Riemann-Huruwitz formula. But also, p-adic representation arising from geometry are not in general GLP . For example, consider a family Y → X of ordinary elliptic curves such that Y η is not isogenous to an isotrivial elliptic curve. Then the representation
has infinite and abelian image. In this direction there are some results over finite fields, [JKM17] , where the situation of F-isocrystal with log decay is treated. Unfortunately their results do not seem enough for us. 7.2.2. Monodromy groups of overconvergent isocrystals. Another possibility is to define and work directly with the Tannaka group of F-overconvergent isocrystals, i.e the p-adic analogue of lisse sheaves. See ( [Ber96] ) for the definition and [Abe13] , [D17] , [Ked17] for the analogy with lisse sheaves. In [A17] we show how it is possible to study the variation of their Tannaka group transferring the results obtained in this paper from to p via independence technique.
Let us give some more details. Write G and G x for the Zariski closures of G and G x in GL r (Z ). They are algebraic groups and we denote with G 0 and G 0 x their connected component of the identity. To an F-overconvergent isocrystal we can associate, via the Tannaka formalism, an algebraic group G p . The group G p is the p-adic analogue of G. Theorem 1.2.2(3) allows us to study the locus of x ∈ X such that G 0 x = G 0 and via independence techniques we prove that it coincide with the locus on which G 
be a projective system of smooth proper k-curves with Y n → Y n−1 a (possibly ramified) Galois cover. Suppose that the gonality of Y n is bounded when n goes to infinity. Then
where F n is defined as in 4.2.2.
With systems of p-covers, the major difficulties seem to find an analogue of lemma 4.2.4 for Artin-Schreier covers and to deal with some wild ramification phenomena (see the proof of [CT13, Lemma 2.9] and [CT13, Lemma 2.9]).
APPENDIX A. AN EFFECTIVE RESULT FOR THE ARITHMETIC GONALITY
For special kinds of modular curves, adapting the proof of [CT15b, Theorem 2.10 (2)] from the mod-setting to the -adic setting (where actually the proof is easier), one can obtain some effective results on their (arithmetic) gonality. The idea is to use the Weil conjectures to control the gonality in some tower of curves over finite fields and then to deduce the statement for finitely generated field via a specialization argument. This gives us an effective version of corollary 1.4.1, that seems impossible to achieve with the method of the earlier sections of the paper, but it is not enough to recover the general statement about the abundance of closed points with open image or corollary 1.4.2.
Assume X is curve and let us introduce the modular schemes over it. Consider a free Z module M of rank r, write M n for M/ n and M A.1. Finite fields. In this subsection k is a finite field. We have that π 1 (x) Ẑ is pro-cyclic for every x ∈ |X|.
A.1.1. Statement. We say that ρ satisfies the condition AP (N ) if the following holds:
• For every x ∈ |X| there exists a generator φ x of π 1 (x) such that the characteristic polynomial of ρ(φ Fact A.1.5. [CT15b, Theorem 2.6] Assume i = 2j and j ≤ max {0, i − d} or i = 2j and j ≥ max {i, d}. Then ρ satisfies AP (N i,j ) . In particular γ X1( n ),k ≥ C k, (n)
A.2. Finitely generated fields. Assume now that k is finitely generated and f : Y → X is a smooth proper morphism. Consider the representation
Write k 0 for a finite field contained in k. We say that f admits a regular k 0 -model if:
• X admits a smooth compactification i : X → X cpt over k; • there exist integral regular schemes Y, X, X cpt , K of finite type over k 0 such that K has function field k, let η K be the generic point of K;
• there are morphisms
-X cpt is a smooth proper geometrically connected relative curve over K; -X cpt − X is a relatively finiteétale divisor; -the base changes of Y, X, X cpt along η K are Y, X, X cpt ,k; -the base changes of f and i along η K are f and i;
-If Y → X is an abelian scheme Y f → X is an abelian scheme.
Remark A.2.1. Every smooth proper morphism admits a k 0 model after a finite extension of k and k 0 .
Corollary A.2.2. Assume i = 2j and j ≤ max {0, i − d} or i = 2j and j ≥ max {i, d}. Assume moreover that Y → X admits a regular k 0 -model. Then:
• we have γ X1( n ),k ≥ C k0,Ni,j , (n)
• for n ≥ r log e Ni,j g(k)(ln |k0|)(s +1)|GLr(Z/ s )| + 1 and all but finitely many x ∈ X(k) we have
Proof. The first statement follows from a specialization argument, see [CT15b, Section 5.2] for details. The second is a consequence of the first by [CT15b, Lemma 2.4].
Corollary A.2.3. Assume that Y → X is an abelian scheme of relative dimension g that admits a k 0 -model. Then for n ≥ 2g log e 1 2 g(k)(ln |k0|)(s +1)|GLr( 
